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12. 
ON THE THEORY OF DETERMINANTS. 


[From the Transactions of the Cambridge Philosophical Society, vol. vit. (1843), pp. 1—16.] 


THE following Memoir is composed of two separate investigations, each of them 
having a general reference to the Theory of Determinants, but otherwise perfectly 
unconnected. The name of “Determinants” or “ Resultants" has been given, as is well 
known, to the functions which equated to zero express the result of the elimination 
of any number of variables from as many linear equations, without constant terms. 
But the same functions occur in the resolution of a system of linear equations, in the 
general problem of elimination between algebraic equations, and particular cases of them 
in algebraie geometry, in the theory of numbers, and, in short, in almost every part 
of mathematics. They have accordingly been a subject of very considerable attention 
with analysts. Occurring, apparently for the first time, in Cramer’s Introduction à 
l'Analyse des Lignes Courbes, 1750: they are afterwards met with in a Memoir On 
Elimination, by Bezout, Mémoires de l'Académie, 1764; in two Memoirs by Laplace 
and Vandermonde in the same collection, 1774; in Bezout’s Théorie générale: des 
Equations algebriques [1779]; in Memoirs by Binet, Journal de l'Ecole Polytechnique, 
vol. 1х. [1813]; by Cauchy, ditto, vol. x. [1815]; by Jacobi, Crelles Journal, vol. XXII. 
[1841]; Lebesgue, Liouville, [vol п. 1837], &с. The Memoirs of Cauchy and Jacobi 
contain the greatest part of their known properties, and may be considered as constituting 
the general theory of the subject. In the first part of the present paper, I consider 
the properties of certain derivational functions of a quantity U, linear in two separate 
sets of variables (by the term “ Derivational Function,” I would propose to denote 
those functions, the nature of which depends upon the form of the quantity to which 
they refer, with respect to the variables entering into it, eg. the differential coefficient 
of any quantity is a derivational function. The theory of derivational functions is 
apparently one that would admit of interesting developments). The particular functions 
of this class which are here considered, are closely connected with the theory of the 
reciprocal polars of surfaces of the second order, which latter is indeed a particular case 
of the theory of these functions. 


In the second part, I consider the notation and properties of certain functions 
resolvable into a series of determinants, but the nature of which can hardly be explained 
independently of the notation. 
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In the first section I have denoted a determinant, by simply writing down in the 
form of a square the different quantities of which it is made up. This is not concise, 
but it is clearer than any abridged notation. The ordinary properties of determinants, 
I have throughout taken for granted; these may easily be learnt by referring to the 
Memoirs of Cauchy and Jacobi, quoted above. It may however be convenient to write 
down the following fundamental property, demonstrated by these authors, and by Binet. 


и. B,.. (©), 
a, В’, 


рз в, as) рас... [Pe SOR  | 
р’, о’, | 


patoB..., ра+ро’..., | 
an equation, particular cases of which are of very frequent occurrence, e.g. in the 
investigations on the forms of numbers in Gauss’ Disquisitiones Arithmetica [1801], in 
Lagrange's Determination of the Elements of a Comets Orbit [1780], &c. I have applied 
it in the Cambridge Mathematical Journal [1] to Carnot's problem, of finding the relation 
between the distances of five points in space, and to another geometrical problem. With — 
respect to the notation of the second section, this is so fully explained there, as to 
render it unnecessary to say anything further about it at present. | 


§ 1. On the properties of certain determinants, considered as Derivationa] Functions. 


Consider the function 


Побара рч догон, вои, алга. (1), 
a’ (E+ B +...) + 


(n lines, and » terms in each line) ; 


and suppose 


(The single letter « being employed instead of KU, in cases where the quantity KU, 
rather than the functional symbol K, is being considered.) And write 


FU-- АЖАЛ +..., Bed Be. .6].2u (3). 
RE+Sn+..., a : B RES 
R'É -- S 4 ..., a’ oer 4 ues 

HU = – | Bed Ба + 0.5 SO ВЕ Ч. | vee 4. (4). 
AE+B+..., a А B uM 
A'É 4- By 4 ..., a pO 96. 


The symbols К, F, ^ possess properties which it is the object of this section t? 
investigate. 
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Let A, B,..., A’, B’,...,... be given by the equations: 
A= А В o LL a ВЫ arg А ANM ska is (5). 
raa y”, y” : B 
А’=+ В”, "ibl: B= y", M Lx 
AT. y", у”, er 
: | 


(The upper or lower signs according as n is odd or even.) 
These quantities satisfy the double series of equations, 


C M Z^ Borm tei t T TT E T (6). 
Ad + BB’ +... = 0, 


Aa +BB+...=0, 

Аа + ВВ’+... = к, 

&e. 

Zuob d dece Bub E EE оог орнат (7), 

AB + A'B' +... = 0, 

Ba + Ba +... =0, 

BB + В'В +... = к, 

&e. 
the second side of each equation being 0, except for the т equation of the r set 
of equations in the systems. 


Let А, p,... represent the 7, r+1%,... terms of the series a, В,...; Г, M,... the 
corresponding terms of the series A, B..., where r is any number less than n, and 
consider the determinant 


CEN EIE о T a sd T (8), 
dob SER 
which may be expressed as a determinant of the п” order, in the form 

TEONORT NADA SU. Е IUS TNI RIS (9). 

Av», ... Lr», 0, 0, 

OLY a) udi da a 

CENE. FEY. OA 
C 9 
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Multiplying this by the two sides of the equation 


т EC NM E. 
| 
| 


and reducing the result by the equation (©), and the equations (6), the second side 
becomes 


Ж. „А06, [n apt ЕРНЕСТ Paes (11), 
EO. CHO т< | 
0, и’, v” | 
0, jm У pr) : | 
which is equivalent to 
BY CGU ЧИО REASONS ibe eae (12), 
arr, yr», 
or we have the equation 
UU. M SEE =e |p” o, »" ,.., | "NUS pom (13), 


per, yere, 


| Benes TS 
which in the particular case of =n, becomes 
"TI 


| 


A', "В, | ai gru, ath Sii ol о (14), 


which latter equation is given by M. Cauchy in the memoirs already quoted; th 
proof in the “ Hwercises,’ being nearly the same with the above one of the ‘more 
general equation (13) The equation (13) itself has been demonstrated by Jacob 
somewhat less directly. Consider now the function FU, given by the equation (3). 
This may be expanded in the form 


FU =(RE+58n+...)[A (Az A'2! t...) + B (Br+Bo'+...)+...J4 ...... (15). 
(RE t 82 +...) [A' (Am + Ao’ +...) + В (Be c Ra.) ] + 


which may be written 


FU=a (AE+Bn+...) + а он еве со (16). 
a’ (A’E+ Въ +...) + 


www.rcin.org.pl 


12] ON THE THEORY OF DETERMINANTS. 


by putting А =A (RA -R/A' t ...)--B (вВ+вВ’+...) +..., ......... (17). 
B —4 (SA +84'+...) +в (SB +8В’+...)+..., 


А’ = A (RARA +...) +B (RB - R/B' 4...) 4 ..., 
B’ =a’ (SA -S'A' +...) +B (SB t-S'B' +...) + ..., 


‘Hence, POR S UIS фи RONDE C IPC BRUN АКИТА IMMER CR ied (18), 
A’, a 
wd. B, | B3 8 Y^ BE" Е ФИО (19), 
AR | PME AV um 


О EA АА oye Gl APT EIU I E EET RENI (20), 
3600/5 
B23, рн canon (21), 
Me a 
this becomes 
TOR eS EUM I LL. LE us TON (22). 
Hence likewise 
ИСО CODO ЗО ОМ ИОН (23). 
Consider next the equation 
ЯРО = – | Rz R4 +..., 50680 T... eta (24). 
| AE+Bn+..., A [raum j 
| VE+Bm+..., А’ No y 
S i 1, | IO. | E RE (25) 
Kot ТЕ Rec 8; | d ab, oa 
AR CAE EE T MU 6 
19. 054 pide tenue (CIT pondo (26) 
REP. 205.3 
i uv, В’, 
9—2 
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If the two sides of this equation are multiplied by the two sides of the equation 
(2), written under the form 


ea О И И (27), 
а, В... 
a’, В’, 
the second side is reduced to 
c dut аЁ + Ba ee, LEAD oo goer | em me (28), 
2 2 K > . > 
E › к > | 
ras luu o UT Е РИЧЕ И НС (29), 
and hence 
TFU e J£. GU LU aa a mr inen (30) 
Similarly 
PIU! GU | Mercere enr eara (81) ; 


also combining these with the equations (22), (23), 


ЯРО РТО О 
KFU K"U KU "*92024«92»9*9999*9992*29*20499084994929529*99* 


It may be remarked here that if U, V are functions connected by the equation 
РО =сРУ, or HU Hcl, paciest (83), 
1. 
then in general I ut essc daa air aves (84). 


To prove this, observing that the first of the equations (33) may be written 


H 
PME онаа ы (85), 
а. 
we have T NUT. Us ag a НЕ neers Gre (36), 
2. T7 
or JF. (EOS Ue ITE (68 Volete И... (37). 
If neither J, Г nor (KU) vanish, this equation is of the form 

EC uon Ao OPERE I Т s (38), 

whence substituting in (33), 
MOPED ics PIRATES T dor РАТАТ (39), 
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which demonstrates the equation (34); and this equation might be proved in like 
manner from the second of the equations (33). If however, J = 0, or Г=0, the above 
proof fails, and if KU —0, the proof also fails, unless at the same line n=2. In all 
these cases probably, certainly in the case of KU=0, n+ 2, the equation (84) is not 
а necessary consequence of (33). In fact FU, ог ZU may be given, and yet U 
remain indeterminate. 


Let U, a, B,... 4, В, &c.... be analogous to U, a, B..., А, В, &c.... and 
consider the equation 


SO 6 RU FOR FUN... eee rent (40), 
=| кА +9кА,, x,B--gxD,, ... 
к А’+9кА,, «B+ xB’, 


Multiply the two sides by the two sides of the equation (2), the second side 
becomes, after reduction, 


кк + 9к (Ад + ВВ +...), 9x (Аа 4- BIB Praia | (41). 
gk (Aa + Bp’ +...), кк+дк(А/а + B/8 ^ ...), 


Multiplying by the two sides of the analogous equation 
ut ades dibeeto qi РТ (42), 
B m. 


M — 


and reducing, the second side becomes 


K&; (a; 2-08); пк ВОРОВ)... | л, (43), 
кк, (а, +99), кк, (B; +98’, 


Sp UA UC 7 pe Rm OUR Te feum: (44), 
whence K (KU,. FU - gKU. FU) = (KUy3 (KUJ E (U, + gU)...... (45), 
and similarly 


K (KU, IU +gKU. IU) = (КО) (KU, (U,4-gU) ...... (46). 


In a similar manner is the following equation to be demonstrated, 


—Jf (KUP (KU,)"? x ag aam. Bed Ba’ ...,... 
a£--89.., 10, «ga... B, *9gB =, 


, 


a'£ 4- 89 ..., & gd ic, В Ва, 
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Suppose U —X (pk Fon...) (Gaal А). sachin entier (48), 
this expression being the abbreviation of 


U=(pE+ont...)(ax+a’a’ +...) + bie eo. ata hon .... (49), 


(pEtont...) (ae -- a/o +...) + 


— 


[(n — 1) lines, ог a smaller number]. 


then КО SERES PME IE erra ito omo in (50), 
Хар, Bao, 


which follows from the equation (©). 


Conversely, whenever KU — 0, U is of the above form. 


Alo  FU-- AB A' uuu MEN esas ilio dens (51), 
RE+S7n+..., Хар А Lac í 


RE+Sn+..., Bap : Sa'o і 


which may be transformed into 


FU=| Aw+a’a’..., Be+Ba’...,... RE+8n..., RE+S8'7...,... |... (52), 


p ? с ? a ? a’ > 


(for shortness, I omit the demonstration of this equation). 


And similarly, 


TU =| Re+Ra'+..., setsa't...,... AE+Bn+..., АЁ+ВТ+...,... |... (93) 


, 


P , xd › а , a , 


| 


where it is obvious that if the sum X contain fewer than (n—1) terms, FU=0, 4U =0. 


і 


The equations (52), (53) express the theorem, that whenever KU —0, the functions 
FU, IU are each of them the product of two determinants. 


If next О, = 0+ О, 
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then in (45) taking 9 = —1 [the Numbers (56) &с. which follow are as in the original 
memoir] 


K (K (U-U). FU- KU. F(U-U)) - K(K (U+ U..8U— KU.*1 (UU) ......... (56) 
= (Коу. (К (U + U)y3.KU, 
or observing the equation (50), 


K{K(U+ U).FU-KU.F(U4*-U)) - K (K(U--U).8U- KU. (0+0)=0...... (57). 


Hence F((K(U-- U).8U— KU. (U-U) - 8 (K(U--U). FU-KU.F(U+0)} 
are each of them the product of two determinants. But this result admits of a further 
reduction: we have 


F(K (U-- U)..4U - KU.8 (U+U)} =7{K (UU). FU- KU. F(U4U))......... (58) 
=- Jf (КО). (К (U + Uy ag-a/a 4..., В+ Ва +...,... |, 
ЕВ... 4$ 4 de E 


едал , B/ +В’ 


substituting а =а+ Хра, &c...., also observing that if the second line be multiplied 
by 2, the third by #,... and the sum subtracted from the first line, the value of 
the determinant is not altered, and that the effect of this is simply to change 
a, а’... into a, а’... in the first line, and introduce into the corner place a quantity 
— U, which in the expansion of the determinant is multiplied by zero: this may be 
written in the form 


-Jf (KU) (K (U + U)y- azt ada +... Bot Pa'+...,... |... (59), 
a&+Bnt+..., Хра А Хоа , 
| аё+ Вт + ..., Ура’ n Уса : 
which may be reduced to 
SOI CES END РА (60), 
ас + dx 4..., BatPa't+...,... aE+ Вр +... аЁ+Вт..., ... | 
p ; с , а А а ak 
. . | 


If each of these determinants are multiplied by the quantity (KU)”™, expressed 
under the two forms Ы 
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they would become respectively 


KU. a j wf PUES 7 E : 9 lou eas RES 
Ар+Ва+..., А'р+В'с+..., Aa+A’a'+..., Ва+Ва’+..., 


so that finally 


F{K(U+U).TU-KU.T(U4+ U)} - V (K (U+ U) FU-KU. F(U+ U))......... (63). 
£ K(U+ U) hii c ў a TT £ р 7 dis 
=I- (“ко”) х ied a р 

Ар+ Во+..., А'р+В'с+..., Аа+А’а’+..., Ва+В'а+..., 


The second side of this may be written under the forms 


Ears 


Az + A'z' +... А вх + Ва +... m 
A (Ap-- Bo ..) +А’(А’р+ В'с..)+..., B(Ap-- Bo..)- 8 (A'p4- B'a..)--..., 


multiplied into 
R£ 4 89 4 ... ; RE+S y+... "EU. 
R(Aa+ A’a’..) + 5 (Ва-+ Ba’..)+..., В. (Аа+А'а..) Á- S'(Ba4 Ba’..)+..., 


And 
oe Ra Ra +... 1 92+ 82 +... ti 
KU 


R(Ap+Beo..)+ В’ (А’р+Ео..)+..., S(Ap+Bo..)+S'(A’p+ B'a..)-- ..., 


multiplied into 


AE+ Bn+... С А’Ё+ B'n 4 ... j eae Hirt ODF 
А (Aa + A’d’..) + B(Ba+Ba’..)4+..., А'(Аа+ А'а..) + В (Ва+В'а..)+..., 


And again, by the equations (52), (53), in the new forms 


tun. 


ED Verde X((Ap- Bo ...) (AE +By ...) + (Apt Bro...) (E 4- 9n...) ...] 


х [(Аа + A'a’ ...) (Rz + R'a' ...) + (Ba + Ba’ ...) (Su +82 ...)...]}......(66), 


(0 =" T. (Ар + Bo ...) (RE +89 ...)+(A’p'+ Bo...) RE+87...)...] 


(KU) 
x (Аа + A'a/ ...) (az 4- А...) + (Ba 4- Ba’ ...) (B+ ва ...)...J} ... (67). 
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Comparing these latter forms with the two equivalent quantities forming the first side 
of (53), and observing (33), (34), it would appear at first sight that 


K (0+ Uy RU KU. "T4U-A4-U) 


= сате аа КАр+ Во...) (А+ ву...) + (4% + Вс...) (AE - Bn ...) ...] 
х (Аа + A'd ...) (Rz +82...) + (Ba + Ba’ ...) (Se +82 ...)...]), 
K(U+U).FU-—KU.F(U+U) 
3 (p n X ([(Ap-- Bo...) (RE+8n...) + (A'p + Bio...) (WETS...) ...] 
x [(Aa+ A'a/ ...) (ал+...) + (Ba + Ва...) (Bæ + Ba’...) ...]}, 


which however are not true, except for n=2, on account of the equation (57) In 
the case of n=2, these equations become 


K(U--U).8U— KU." (U - U) 
= [(Ap + Во...) (AE + B ...) - (A'p + Bo...) (A'É -- 8n ...) - ...] 


x (Aa + Аа...) (Rz + ка...) + (Bat Ва...) (Sz +82 ...) ...] ......... (68), 
К (0+ 0) FU- KU.F(U - U) 
= [(Ap + Bo ...) (RE+8n...)+ (4’р+Во ...) (REHN...) ...] 
x [(Aa t A'a/ ...) (Az + Ах...) + (Bat B'a...) (Bx -- B'a +...) ...]...... (69), 


and it is remarkable that these equations ((68), (69)) are true whatever be the value 
of n, provided = contains a single term only. The demonstration of this theorem is 
somewhat tedious, but it may perhaps be as well to give it at full length. It is 
obvious that the equation (69) alone need be proved, (68) following immediately when 
this is done. 


I premise by noticing the following general property of determinants. The function 


ара p ears dia epe (70), 
a+ Spa’, В+ roa, | 


| 


(where Хра = ра, + р. а»... + рга), contains no term whose dimension in the quantities 
а, à ..., or in the other quantities р, o..., is higher than s. (Of course if the order 
of the determinant be less than s or equal to it. this number becomes the limit of 
the dimension of any term in a, a’... or p, o..., and the theorem is useless.) This 
is easily proved by means of.a well-known theorem, 


Bou ed e Pose Eee I OR Ce оне (71), 
Ep'a, S'a, | 
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whenever s is less than the number expressing the order of the determinant. Hence 
in the formula (70), if £X contain a single term only, the first side of the equation 
is linear in p, c,... and also in а, a',..., ie. it consists of a term independent of 
all these quantities, and a second term linear in the products pa, pa’,...ca, ва’, ... 
This is therefore the form of K (U 4- U). i 


Consider the several equations 


gm RU м ИЯ (72), 
= Аа + BB’ +... 
= &c. 
it is easy to deduce К: 
к= К(О+ 0) = КО+Ара + Bod + .................. (73). 


+ А’ра + Boa’ + 


To find the values of A, В, &c. corresponding to U+ U, we must write 


ASN BER of POA Rh A eh It (74), 
= мВ + му” + 
= &c. 
where м’ = si tae ді ор, 9 B5 1 (75), 
Ht o" 5” { ИД ^ | 
ls : 
м” = + y" 1 pt £g М” = 8" 4 e" Na | А &e. 


, 


"n" Hn Hn Hn 
ò ? д ) € , 


the order of each of these determinants being n—2, and the upper or lower sign: 


being used according as n — 1 is odd or even, ie. аз n is even or odd. Hence 


A SAFE 00 БИ та... 2 T0 p (76), 
LM oA та’... 


and therefore 
k,À — kA, = Apa +(AB ) са + (АС е ЧЕ 8 (77), 
+ AA’ ра’ +(AB’ — км’) са + (АС — kN' ) та +... 
+ AA” pa” + (A B" — км”) ca” + (AC" — kN") ra" + 


the additional quantities C, 7 having been introduced for greater clearness. Now the 
equations 


AB МАВ АОИ С, ik (78), 
AB" — кМ = A"B, АС" – к№" = А"С, 
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written under the form 
AB — A BERM A0! АМ — kN, uo usus (19), 
AB" — А"В =кМ", AC"—A"C -x«N", 


are pertieular cases of the equation (13), and are therefore identically true. Hence, 
substituting in (77), 
кА — kA, = Ара +A Boa +A Ота ...+ ........... TU (80), 
+A A’pa’ + A’ Вса + А’ Ста ... + 
+ A" Apa" + A" Boa” + А”Ста”... + 


i (pA + oB + ...) (Аа+ А’а’+...). 


Forming in a similar manner, the combinations к,В —кВ,,...к,А’—кА„, кВ- кВ,,..., 
multiplying by the products of the different quantities Ax + A'z'..., Bu+Bie’..., ... 
RE+Sn..., HE+S%...,... and adding so as to form the function K(U+U).FU 
-KU.F(U--U), we obtain the required formula, viz. that the value of this quantity is 
=[(pA+oB ..)(RÉ-Sm ...)+(A’p+ Bo...) (REH S ...) + 
x (Aa + A'a ...) (Az 4- A'z' ...) + (Ba + B'a' ...) (Bæ + B/a! ...) +... 
with this theorem, I conclude the present section,—noticing only, as a problem worthy 


of investigation, the discovery of the forms of the second sides of the equations 
(68), (69), in the case of Х containing more than a single term. 


§ 2. On the notation and properties of certain functions resolvable into a series 
of determinants. 


Let the letters MK OEC EMG NES IM SAMT VA A ла (19. 
represent a permutation of the numbers 
Ba bh И EI (2). 
Then in the series (1), if one of the letters succeeds mediately or immediately 
a letter representing a higher number than its own, for each time that this happens 
there is said to be a “derangement” or “inversion.” It is to be remarked that if 


any letter succeed s letters representing higher numbers, this is reckoned for the 
same number s of inversions. 


Suppose next the symbol 


10—2 
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This being premised, consider the symbol 


denoting the sum of all the different terms of the form | 
Is bud a aco rnc Wess oro X decade (5), 


the letters Va SWAP AEN р ла. (6), 


denoting any permutations whatever, the same or different, of the series of numbers 
(2) [and the several combinations of po... being understood as denoting suffixes of 
the A's] The number of terms represented by the symbol (5) is evidently 


|a atu o rebua ool. ep MUR Po TRU e (7). 
In some cases it will be necessary to leave a certain number of the vertical 


rows p, c ... unpermuted. This will be represented by writing the mark (+) immediately 
above the rows in question. So that for instance 


++ 

А а ай 

ОЬМИРИ ТРОНЕ 1 (8), 
PRoK +++ ъф 


the number of rows with the (+) being z, denotes the sum of the 


Rh Nery ag iat РУ SORTER ГОВ, ole RN (9) 
terms, of the form 


T» +s eee Ap,, os, eee 0,4, eee Apr, Ts, ... 0,0... .. tr tt! |] |]À» À n (10). 


Then it is obvious, that if all the rows have the mark (+) the notation (8) denote 
a single product only, and if the mark (+) be placed over all but one of the row 
the notation (8) belongs to a determinant. It is obvious also that we may write 


Ара, vu dd. us jl =} +u tv w+ (pos Bad) 


et a ae ON ema ОЛА Т ИО А Ы 1155 (11), 
| PEK ... One | PETE ... Ou, ho, ) 


where £X refers to the different permutations, 
Mio ca) daria ot Masi tan eS Leslie DRT. (12), 


which can be formed out of the numbers (2). The equation (11) would still be tru 
if the mark (+) were placed over any number of the columns p, с... 


Suppose in this equation a single column only is left without the mark (T) * 
the second side of the equation; the first side is then expressed as the sum of a numb! 


(1.2... E ое. generaly (1.2. EFC. Luo aed (13), 
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of determinants, according as we consider the symbol (4) or the more general one (8). 
And this may be done in п or (п – 2) different ways respectively. 


It may be remarked, that the symbol (8) is the same in form as if a single 
column only had the mark (+) over it; the number n being at the same time 
reduced from n to (»—2z--1): for the marked columns of symbols may be replaced 
by a single marked column of new symbols. Hence, without loss of generality, the 
theorems which follow may be stated with reference to a single marked column only. 


Suppose the letters 


Duo HA DAS аар QE. oisi орион (14) 
denote certain permutations of 
«mu ГЕ WEN If e. 28. НЫ. (15), 
in such a manner that 
Pi =@и, Pa= lg ... ра. с = 8, о = В, ... бъ= Rae ...... (16). 


Then the two following theorems may be proved: 


+ + 

x xx eg tg ta... n es "| 
: ордодо adu, ПИТ Nen (17), 
px? k Ox 


if n be even: but in the contrary case 
+ + 
( Дру, ... dd Hotes | AGB vi 
ЫРА: 2 
| PX? k 28, 


By means of these, and the equation (11), a fundamental property of the symbol 
(3) may be demonstrated. We have 


+ 
5 XN wit X woh pus ns 
Др ТАРР МВР: НЕ (19), 
ax pxBi 


P4 


which when n is even, reduces itself by (17) to 


( Aa, ... ie = p Tea Bx Mos eiie sts (20) 
| ав, адр 


MM ee (n) ) 


a; 
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But when п is odd, from the equation (18), 
[dos A. LE. дав, ... (в) #(+,1)=0.............. (21), 
| ay ) " В, | 


since the number of negative and positive values of +, are equal. 


From the equation (20), it follows that when n is even, the value of a symbol 


of the form 
T 
(Aa, (п) 
vr AME n (22) 


Gy, 


is the same, over whichever of the columns a, В... the mark (+) is placed. То 
denote this indifference, the preceding quantity is better represented by 


да, ЕРЕ 
pare ce 


this last form being never employed when п is odd, in which case the same property 
does not hold. Hence also an ordinary determinant is represented by 


+ 
(Aap, caf 1 
| ve МН О (24), 


a | ek 
the latter form being obviously E general with the former one. 

It is obvious from the equations (17), (18), that the expression (22) vanishes, in 
the case of n even whenever any two of the symbols a are equivalent, or any two 
of the symbols В, &c.; but if n be odd, this property holds for the symbols В, «е, 
but not for the marked ones а In fact, the interchange of the two equal symbols, 


in each case, changes the sign of the expression (22), but they evidently leave it 
unaltered, ie. the quantity in question must be zero. 


Consider now the symbol 


(an P T bi 


b ss 


which, for shortness, may be denoted by 
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I proceed to prove a theorem, which may be expressed as follows: 


+ + 
{A .k . 2p}. (B. k. 29] = (AB| k . 2p - 29 —2j .................. (27), 


where FIO JUD. А ЗЫ НИИ (28) 


the number of the symbols r, s,... being obviously 2p —1, and that of a, y,... being 
24-1. The summatory sign S refers to l, and denotes the sum of the several terms 
corresponding to values of J from J=1 to l=k. Also the theorem would be equally 
true if | had been placed in any position whatever in the series r, 8...1; and again, 
in any position whatever in the series æ, y...!, instead of at the end of each of these. 
With a very slight modification this may be made to suit the case of an odd number 
instead of one of the s even numbers 2p, 29; (in fact, it is only necessary to place 
the mark (+) in (A4B|...] over the column corresponding to the marked column in 
(A... (A... being the Lait for which the number of columns is odd), but it is 
inapplicable where the two numbers are odd. Consider the second side of (27); this 
may be expanded in the form 


+ г... te tyes ABl ug A Blas. 23503. ... AB]. SEA. cott? (29), 
where € refers to the different quantities s,..., v, y,... as in (11). 


Substituting from (28), this becomes 
bo Si, a S, (+ "Pc Та buds. t $us А, Sri Ва. y Ba, y, Len (30). 


Effecting the summation with respect to a, y... this becomes 


(B11... 
>. Si, Kos S, + Е... Ais, 1 de Ар, рне (81), 
kk...1, 


now referring to s,... only. The quantity under the sign X vanishes if any two 
f the quantities / are equal. and in the contrary case, we have 


t + 
ae B Mog. V. dake. mt EEA (32), 


kk... ly 

hich reduees the above to 

+ 

{B.k. 24} vor s TN Е. ИТ гани Ay a, t рана (33), 


referring to the quantities s..., and also to the quantities 2. And this is evidently 
quivalent to 


+ + 
м № ао GN (34), 


e theorem to be proved. It is obvious that when p=1, 9=1, the equation (27), 
oincides with the theorem (©), quoted in the introduction to this paper. 
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